Ammonites are of outstanding importance in dating events of the Mesozoic and in the study of mechanisms, modes and timing of evolutionary processes. These applications rely on a detailed understanding of their morphology and the modes of variation. It has been known for a long time that their shape is composed of a number of highly correlated features. A new model, called the ADA−model, is introduced for the study of shell morphology (size and shape). The new model is based on classic dimensions which are stable parameters throughout ontogeny, giving very close agreement between pre− dictions and actual observations. It was applied in the exploration of the morphospace occupied by the planispirally coiled and the regularly uncoiled Mesozoic Ammonoidea, based on two new reduced morphospaces introduced for the analysis. Results obtained expose close relationships between size and shape, and general patterns in the ammonite shell morphol− ogy and morphogenesis. (i) The relative apertural height of the whorl section relative to the diameter of the shell (H 2 /D) is involved in definition of size and shape. (ii) This same dimension shows a strong tendency to be H 2 /D = 0.3. (iii) There are some geometrically possible shell shapes (or morphotypes) which seem to have not been developed since they are not known in the current record. Assuming the known ranges of protoconch size and whorl number as constraints, the ADA−model strongly suggests that these morphotypes have not been developed for the too large or too small sizes the shells would have attained, well outside of the actual size range of the planispirally coiled Ammonoidea. (iv) The law of covariation is shown to be a general pattern within the planispiral ammonites which describes structured variation of the shell shape. (v) A large fraction of the non−structured variation seems originate in the lack of correlation between the rela− tive umbilical diameter and width of the whorl section.
Introduction
Ammonites (Cephalopoda: Ammonoidea) are very abundant marine fossils with a vast record worldwide. They are unique in possessing two valuable attributes: 1) they are the most pre− cise geological clocks for the Mesozoic Era (see Callomon 1995 Callomon , 2001 ) and, 2) each individual specimen preserves the whole shell ontogeny, from the embryonic chamber or proto− conch up to the terminal adult border or peristome (Bassé 1952; Arkell et al. 1957) . These outstanding properties enable the use of ammonites in the chronology of the Mesozoic to be coordinated with the study of the ontogeny and evolution un− der fine control of the essential property of evolving systems, the time. Ammonites could be the model fossil organism par excellence for studies in the framework of Evolutionary De− velopmental Biology (Evo−Devo).
Nevertheless the combination of these properties has not been easy to manage, mainly because of the wide spectra and complexity of the patterns of horizontal (intraspecific) and vertical (evolutionary) variation. The understanding of these patterns is based on the knowledge of the form and meaning of relationships between the dimensions and between size and shape. After inspection of a major part of the large num− ber of papers which include some kind of statistical descrip− tion, it is evident that there are general patterns of strong cor− relation between sets of dimensional features during growth. This morphologic integration is associated with the patterns of variation of the dimensions. Indeed, some relative dimen− sions are strongly variable within a single species, especially the width of the whorl section (e.g., Sturani 1971; Callomon 1985; Dagys and Weitschat 1993; Parent 1998) . Other fea− tures are stable during growth and between individuals of a single species, especially the maximum relative height of the whorl section (see Parent 1998: 104; Parent and Greco 2007;  and discussion below). The widely accepted "laws of co− variation" (see Buckman 1892; Westermann 1966; Hammer and Bucher 2005 for recent review and references) are other indicators of the existence of structure in the variation of shell shape beyond the notoriously wide ranges of intra− specific and transpecific variability.
In spite of the wide ranges of variability it is commonly held that ammonites had few shape features or characters for producing innovations. This seems to be in accord with the wide recurrence of homoeomorphies. These limitations, or constraints, for producing shape innovations are in contrast with the richness in sculpture. Thus, homoeomorphies may be successfully resolved by considering the ontogeny of shape and sculpture. The fact that ammonites have produced an apparently restricted part of the "available morphology" which may be generated from a coiled cone, has been studied by several authors (e.g., Raup 1967; Ward 1980; Dom− mergues et al. 1996) . These studies were mostly based on the dimensions and/or variables proposed by Raup (1961 Raup ( , 1966 , or few others like whorl section perimeter (Ubukata et al. 2008) . Nevertheless, these models need especially suited specimens and, moreover, they are not written in terms of the standard dimensions which are used in every systematic de− scription (see e.g., Enay 1966) . Therefore these interesting studies are hardly related to the standard and always essential taxonomic descriptions and systematic studies.
Adult size and shape−at−size of ammonites are also widely variable, even within a single species, recalling what is in liv− ing coleoids widely recognised as a characteristic trait of their natural history (see e.g., Boyle and Boletzky 1996) . Size is one of the most readily impressive features of an object under ob− servation but, however, may be important or not depending on the circumstantial interest. In classification the relative, intra− group size is meaningful if some degree of isomorphism exists between the organisms grouped. Thus, size−shape relation− ships are crucial in classification. When these relationships are considered there may be obtained not only robust natural clas− sifications but also additional causal or phenomenological in− formation of the organism considered.
In the present paper we introduce a model using classical dimensions for the study of relationships between size and shape, morphogenetic rules and structure of the variation of shell morphology. The model is compared with actual ammo− nites, using a large sample of data which can be assumed rep− resentative of, at least, the largest part of the planispiral Meso− zoic Ammonoidea. Results obtained from the analysis of size and shape are discussed stressing the value of dimensionless analysis and size−shape relationships. 
Material and method
Material.-Material used for this study belongs to 201 spe− cies of Triassic, Jurassic, and Cretaceous planispirally coiled and regular−uncoiled representatives of the order Ammo− noidea Zittel, 1884 (suborders Ceratitina, Phylloceratina, Lytoceratina, Ammonitina, and Ancyloceratina), distributed in time as shown in Fig. 1A . 1003 specimens were measured with several transversal (different specimens) and longitudi− nal (ontogeny of a single specimen) subsamples producing a large sample of 1222 sets of measurements for shell diameter D ³ 3 mm. Most of the specimens are adults or subadults, mainly with their body chamber. The information was ob− tained from laboratory measurements and literature (see Ap− pendix 1). Sampling was designed to include most of the wide variety of morphotypes known within the planispiral Ammonoidea. Representativeness of our large sample within the Ammonoidea is hard or impossible to quantify, mainly because the very large numbers of nominal genera and spe− cies described. Nevertheless, it can be seen in Fig. 1A that the temporal distribution of number of species for each series of the Mesozoic is rather even, and also the number of species for each of the defined morphotypes of the classification below (see Fig. 1B ). The only exception is the cadiconic morphotype which is scarce in our samples but probably in close proportion to its occurrence in the actual spectrum of the Mesozoic Ammonoidea.
Conventions.-We have adopted a concept of morphology with two components, separable under certain circumstances: shape and size. Shape is described by dimensionless variables (proportions between dimensions) of the shell, irrespective of the size. This latter consists of dimensional variables (metric dimensions) as defined below. Sculpture (ribs, tubercules, constrictions) is not considered in this study. Measurements are taken between ribs and if the specimen is keeled, the keel is considered a part of the morphology. Sculptural elements like ribs and tubercles are considered outgrowths which do not contribute to size dimensions in continuous form as do the keel. Size dimensions used are linear distances as defined in Fig. 2 (Parent 1997) , irrespective of any growth model or pattern. Thus, they may be used for comparison between different ammonites in the similar onto− genetic stages at different sizes, for the size component of morphology is removed. Additionally for analysis of size the whorl number (N w ) computed from the end of the protoconch onwards, and the protoconch diameter (D pro ) are considered. The broadest ranges adopted are: D pro = (0.2, 1.05) mm (based on data in Landman et al. 1996) , and N w = (5, 9) for adult ammonites (based on data in Makowski 1963 and Bucher et al. 1996) .
Our data−matrix is not suitable for statistical inferences due to the heterogeneity originated in the diversity of sources of the information contained. This condition is not crucial in the phenomenological and geometrically based approach adopted for the present study. However, where pertinent, essential sta− tistical measurements or parameters are provided: arithmetic mean of a variable Q is denoted <Q>, the percentual coeffi− cient of variation C V (%) = 100 s / <Q> (being s the standard deviation), the Pearson coefficient of correlation r, and the sample size n.
Shell shape morphotypes.-Shape diversity of planispiral ammonites arises from a combination of different whorl sec− tion shapes and involution degrees. This variety is herein classified in a few morphotypes based on a simplification of that of Westermann (1996) . Although inevitably subjective as any classification of this kind, it is useful for presentation and discussion of results. Regular uncoiled ammonites fall widely in the classical gyrocone shape but we have included them in serpenticones or platycones, so that coiled and regu− lar−uncoiled ammonites are not discriminated in this classifi− cation (see Fig. 1B 
Results
The ammonite shape in the equatorial plane: the ADA− model.-Let us start with the usual logarithmic spiral model and consider the curve generated by r(q) = c×e lq where c and l are constants (Fig. 3A) . On this curve is placed an ellipse with center on the curve. The plane of the ellipse is perpen− dicular to the curve, and the radii are a 1 (q) = 2m×e lq and a 2 (q) = t×a 1 lq , where m and t are constants. These equations include constants (c, l, m) which are very hard or impossible to obtain by direct measurement of specimens, and, on the other hand, they have no meaning in morphological terms. Differently to other developments (see Introduction and Discussion below) we propose here the fol− lowing re−parameterisation. For a given number of whorls (N w ), i.e., for a given angle q, the following relationships are obtained (see Fig. 3B ):
)e lq , and Fig. 2 ) which, more− over, are standard in the sense that they are easily interpreted visually and used in almost every description of ammonites. Note that for H 2 /H 1 = 1, which is a singular case (see , which corresponds to the starting point of the phenomenological derivation ap− proached formerly in Parent and Greco (2007) . This singular case is seen in some few ammonites, typically some Lyto− ceratids. When the degree of involution is H 2 /H 1 < 1, it leads to a reduction of U/D as a consequence of the involution. It is quite evident that Equation 1 is also valid for uncoiled am− monites with dimensions defined in Fig. 2 . It is worth to note that the reduction of U/D due to the involution term in Equa− tion 1 arises by analytical derivation from the logarithmic spiral model, but not phenomenologically introduced.
Equation 1 is presented in terms of dimensionless quanti− ties. It is clear from dimensional analysis (Bridgman 1949) that H 1 /D and H 2 /H 1 are independent variables, even if H 1 is represented in both of them. On the other hand, Equation 1 is a mathematical derivation from the logarithmic spiral model by means of a change of a set of independent variables to another set of independent variables. This model is hereafter called ADA−model for adimensional ammonite.
Following the spirit of Parent and Greco (2007) we con− sider Equation 1 as an "equation of state". Like in the case of an ideal gas, where temperature, pressure and volume are not free to take any value but they are related by an equation of state, a given ammonite, in a given state of growth, has its variables (U, D, H 1 , H 2 ) connected by Equation 1. In the mentioned paper (Parent and Greco 2007) it was pointed out, widely supported by empirical observations, that H 1 /D and H 2 /H 1 tend to be strongly stable for a given species through− out the post−nepionic ontogeny. In the context of the ADA− model this fact is not an assumption. Indeed, following the derivation of Equation 1 it can be seen that H 1 /D and H 2 /H 1 are constants, independently of the number of whorls, for a given model parameter, showing that the model is consistent with observations. Thus, the averages <H 1 /D> and <H 2 /H 1 > may be considered representative numbers of the species.
After computing these two mean values for a given spe− cies, we then computed an estimated value (U/D) pred These results show that Equation 1 is not only a good esti− mator, but also robust and stable (irrespective of the way it is evaluated). Indeed, it captures relevant features of the am− monite shell shape, a significant part of the whole shape and its variation between and within species and ontogenetic stages, no matter the morphotype considered. It is assumed that this stability is based on a strong tendency of the ammonite shell in maintaining the proportions H 1 /D and H 2 /H 1 rather invariable, independently of the size or ontogenetic stage of the individu− als. In summary, a given species with its characteristic H 1 /D and H 2 /H 1 , will tend to have a constant value of U/D. It follows that these quantities are well represented by their averages, thus supporting that they are independent. Fig. 5A each of the studied species is located show− ing well defined and consistent trends. The distribution is such that ammonites with similar shape, following the adopted classification, tend to cluster in rather well defined portions of RM 1 . Sphaerocones are well separated in the scatter from serpenticones. Oxycones tend to cluster partially overlap− ping sphaerocones, while platycones tend to overlap with serpenticones. Nevertheless, the separation of platycones from oxycones is not as clear as in the case of sphaerocones and serpenticones. Additional information can be obtained from the family of curves for constant U/D, which will be called iso−U/D curves. Using Equation 1 it can be shown that these curves are defined by the following equation:
A set of selected iso−U/D curves are depicted in Fig. 5A . The iso−U/D = 0.3 is nearly the threshold separating oxycones and sphaerocones from platycones and serpenticones. Cadi− conic ammonites tend to cluster rather independently, with low values of both H 1 /D and H 2 /H 1 , below the iso−U/D = 0.3. The differential clustering of the morphotypes points to a well structured morphospace (H 2 /H 1 , H 1 /D), meaning that the over− all morphology is well characterised by these shape variables. Individual observations also follow the same patterns of distri− bution that the species average, as shown by gray points in Fig.  5A . These patterns give additional support to Equation 1 which is based on these variables. As a corollary, it is interesting to note that the negligible variation of U/D through wide ranges of H 2 /H 1 , as shown by the iso−U/D curves, shows that H 2 /H 1 is a direct measurement of the degree of involution of the shell.
The geometrically possible shell shapes define a theoreti− cal morphospace with well defined boundaries. The iso−U/D = 0 separates regions with U/D < 0 and U/D > 0 (Fig. 5A) . Clearly, U/D < 0 has no meaning for the ammonites studied herein. This "empty" region of RM 1 is predicted from Equa− tion 1. Within the family of iso−U/D curves the limit given by U/D = 1 (the x−axis) is the boundary out of which the umbili− cus should be larger than the diameter. Other boundary or threshold curve is indicated with a thick solid line in the top right of Fig. 5A ; it has the hyperbolic form
Finally, the theoretical ammonite−morphospace becomes trapezoid−like by a fourth curve: H 2 /H 1 = 0 (the y−axis) where H 2 = 0. Note that just a sin− gle, negligible observation out of 1222 falls outside of RM 1 .
The theoretical region of RM 1 (Fig. 5A ) brings about the natural question of why only a small portion is actually repre− sented by Mesozoic ammonites (see Introduction). This very interesting question can be discussed in the framework of the ADA−model. Evidently there are intrinsic and extrinsic con− straints operating in shell construction which are not included in Equation 1, which is mainly geometrical and does not con− tain parameters yielding additional information, in explicit form, about such factors. Nevertheless the geometrical con− straints can be worked out and importantly, their implications and origin can be outlined with confidence as discussed below.
Mesozoic ammonites are concentrated in RM 1 approxi− mately between two hyperbolae: H 1 /D = 0.5/(H 2 /H 1 ), and H 1 /D = 0.1/(H 2 /H 1 ) as shown in Fig. 5A . The centre of gravity can be roughly described by the hyperbola H 1 /D = 0.3/(H 2 /H 1 ) where a main trend is clearly evident (bold dashed line in Fig.  5A ). It may be interpreted as that, in average, the apertural height of the whorl section tends to be H 2 = 0.3D. This trend is strongly supported by the plot of observations of H 2 /D versus D. The scatter is relatively tightly concentrate around <H 2 /D> = 0.303 as indicated by C V (%) = 20%, n = 1222 (Fig. 6A) .
The dimension D may be defined geometrically as a function of the whorl number N w , the protoconch size . These estimations are no more than a main theoretical range and, however, might be very close to the range of adult sizes actually known. Indeed, the large sample used in the present study is well included in that theoretical interval, rang− ing between D = 10 mm and D = 495 mm. However, special cases of adult ammonites that are close to or exceed these ex− treme values are well known (e.g., Sturani 1971; Kennedy and Cobban 1976, 1990; Stevens 1985; Torrens 1985) .
Another important outcome of the above analysis is related to the size increments during growth. The rate of overall size increase after addition of a complete whorl during growth is
For example, the main trend H 2 /D = 0.3 defines a pattern of doubling size for each whorl added during growth. However, the variability of growth rate has practical importance when comparing different specimens during classification, as can be seen with ammonites which al− most double their size each half a whorl (H 2 /D = 0.42). The taxonomic significance of size differences between morpho− logically similar specimens must be carefully assessed in order to avoid attributing excessive taxonomic value to differences in size. This is especially important for those ammonites with high H 2 /D at least in the last whorls, for there is no evidence suggesting that the number of whorls of the ammonite shell should be a constant, even within a single species. 
Discussion and conclusions
The range of shell−shapes actually developed by planispiral ammonites within the wide geometrically available spectrum of RM 1 and RM 2 is rather narrow, and follows the relation− ships closely represented by the ADA−model. Our results seem to clearly indicate that the constraints which have lim− ited the spectrum of actual morphologies into a sector of RM 1 (Fig. 5A) The dimensionless H 2 /D, although not directly impres− sive to the eye, is the more influential in shape and size. In− deed, it is involved in definition of both aspects of morphol− ogy, the shape and the size (as diameter growth rate). There is a strong general tendency in the planispirally coiled Ammo− noidea to follow the relationship H 2 = 0.3D (Fig. 5A) . On the other hand, H 2 /H 1 is the link between the shape in the equato− rial plane (lateral view) and the shape in the transversal plane (apertural view).
Mathematically size limits imply constraints between protoconch diameter (initial condition), shell shape and whorl number as shown by the equation presented above. There are some geometrically possible shell shapes (or morphotypes) which seem to have not been developed since they are not known in the available fossil record. Assuming the known ranges of D pro and N w as constraints, the ADA−model strongly suggests that these morphotypes have not been developed for the too large or too small sizes the shells would have attained, well outside of the actual size range of the planispirally coiled Ammonoidea. In other words, within the known range of D pro there are certain shell shapes which would have generated too large ammonites after a very low number of whorls. Con− versely, other kind of unrealised shell shapes would have gen− erated too small ammonites after a very high number of whorls. Too large and too small mean well beyond the known range of size in actual ammonites. This proposed order of the causal relationships between the mentioned variables or fea− tures is not the only which could be conceived, but in our view it is the most plausible. The correlation between W/D and U/D is very low and statistical insignificant. This low correlation should be the main source of non−structured, intra− and transpecific varia− tion in the ammonite shell. This non−structured variation may be hard to separate from the structured variation (that which arises from covariation between shape traits). Discrimination between structured and not−structured variation has a crucial role in recognition of morphological continuity or disconti− nuity within samples as the main morphological criterium for tracing limits between species.
The negative covariation between the relative width of whorl section W/D and involution H 2 /H 1 is demonstrated to be not only a pattern of intraspecific variation but also a general trend for the Mesozoic coiled ammonoids as a whole, as far as represented by our sample. This pattern is classically described under the law of covariation. It was shown above that the de− gree of involution of the shell is best described by the propor− tion H 2 /H 1 . Under this consideration the law of covariation seems to be more generally valid in the form: evolute (high H 2 /H 1 )−compressed−finely ribbed, towards the opposite pole: involute (lower H 2 /H 1 )−stout, depressed (wide whorl section)− coarsely ribbed. In this form the pattern is tighted to the compo− nents of shape which are correlated, thus producing well struc− tured variation. Covariation is manifested in coiled ammonites, those in which the successive whorls are in dorso−ventral con− tact each other. In uncoiled ammonites the relative whorl width W/D is always lower, and, moreover, tending to be almost con− stant along increasing H 2 /H 1 (Fig. 5B ). Fig. 8 shows different simulated ammonites corresponding to different exact locations in RM 1 . This picture also includes some morphotypes unknown within the Ammonoidea. These computer−simulations are obtained from Equation 1 and using the approximation for W/D proposed above. The simulations are not in scale but their relative sizes can be easily obtained from Fig. 5A and the equation for calculation of D given above. Drawings were made with Blender (version 2.42a; free access at www.blender.org) using a rather simple computer program written in the Python language (free version 2.4). The obtained figures are very real in outer shape, but they are based on perfectly elliptical whorl sections and isometric ontogenies which are not found in any actual ammonite.
Finally, it may be noted that some previous studies of ammonite morphology based on geometrical models (e.g., Raup 1967) have similarities with the presented in this paper. Nevertheless, there is no room for comparison since direct conversions between classical variables of A[5] = (D, U, W, H 1 , H 2 ) and those used by Raup (1966 Raup ( , 1967 have not been explored. However, Raup (1967) has made some of the earli− est attempts to explain the "morphospace occupation pat− terns" in Palaeozoic and Mesozoic ammonoids.
Appendix 1
Morphotype, age, source (number in square brackets), measurements and estimations of the species studied. Abbreviations: age: early (E), middle (M), and late (L), Triassic (T), Jurassic (J), and Cretaceous (C); morphotypes: Ca, cadicone; Ox, oxycone; Pl, platycone; Sp, sphaerocone; Se, serpenticone; N, number of specimens (some of them measured at different di− ameters); n, total number of measurements for each species. Other abbreviations and symbols as indicated in text. 
